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a b s t r a c t
The study of the dihedral f-tilings of the sphere S2 whose prototiles
are an equilateral or isosceles triangle and an isosceles trapezoid
was described in [C.P. Avelino, A.F. Santos, Spherical f-tilings by
(equilateral and isosceles) triangles and isosceles trapezoids, 2008
(submitted for publication)]. In this paper we generalize this
classification presenting the study of all dihedral spherical f-tilings
by scalene triangles and isosceles trapezoids in some cases of
adjacency.
© 2008 Elsevier Ltd. All rights reserved.
1. Introduction
Let S2 be the Euclidean sphere of radius 1. A spherical isosceles trapezoid is a spherical quadrangle
congruent to the intersection of two spherical lunes, Q = L1 ∩ L2, where L1 and L2 have their vertices
in the plane x = 0, in orthogonal positions, and L1 has the point (1, 0, 0) at its center, as illustrated
in Fig. 1.
By a dihedral folding tiling (f-tiling, for short) of the sphere S2 whose prototiles are a spherical
isosceles trapezoid, Q , and a spherical triangle, T , we mean a polygonal subdivision τ of S2 such that
each cell (tile) of τ is congruent toQ or T and the vertices of τ satisfy the angle-folding relation, i.e., each







where the angles θi around any vertex of τ are ordered cyclically.
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Fig. 1. Spherical isosceles trapezoid Q .
Fig. 2. Prototiles: A spherical isosceles trapezoid and a spherical scalene triangle.
Folding tilings are intrinsically related to the theory of isometric foldings. In fact, the set of
singularities of any spherical isometric folding corresponds to a folding tiling of the sphere, see [1]
for the foundations of this subject.
The classification of dihedral f-tilings of the sphere started in 2004 [2–4], where the study of all
dihedral f-tilings by spherical parallelograms and spherical triangles was obtained. Later on, in [5], the
classification of all dihedral f-tilings of the sphere by triangles and r-sided regular polygons (r ≥ 5)
was achieved. In a subsequent paper [6], is presented the study of all dihedral spherical f-tilingswhose
prototiles are an equilateral triangle and an isosceles triangle. The classification of the dihedral f-tilings
of the sphere S2whose prototiles are an equilateral or isosceles triangle and an isosceles trapezoidwas
described in [9]. Robert Dawson and B. Doyle have also been interested in special classes of spherical
tilings, see [7,8] for instance.
In this paper we shall discuss dihedral f-tilings by spherical scalene triangles, T , and spherical
isosceles trapezoids, Q , in some cases of adjacency. We shall denote by Ω (Q , T ) the set, up to an
isomorphism, of all dihedral f-tilings of S2 whose prototiles are Q and T .
From now on Q is an isosceles trapezoid of internal angles α1 and α2 (α1 > α2) and edge lengths
a, b and c (b > c), and T is a spherical scalene triangle of internal angles β , γ and δ (β > γ > δ), with
edge lengths d (opposite to β), e (opposite to γ ) and f (opposite to δ), see Fig. 2.
It follows straightway that
pi < β + γ + δ, pi < α1 + α2 and pi2 < α1.
In order to get any dihedral f-tiling τ ∈ Ω (Q , T ), we find useful to start by considering one of its
local configurations, beginning with a common vertex to two tiles of τ in adjacent positions.
In the diagrams that follow it is convenient to label the tiles according to the following procedures:
(i) We begin the configuration of the tiling τ ∈ Ω (Q , T ) with an isosceles trapezoid, labelled by 1;
then we label with 1′ an isosceles trapezoid or a scalene triangle adjacent to tile 1 and sharing the
side of length c;
C.P. Avelino, A.F. Santos / European Journal of Combinatorics 30 (2009) 1221–1244 1223
Fig. 3. Distinct cases of adjacency.
Fig. 4. Local configurations.
(ii) For j ≥ 2, the location of tile j can be deduced from the configuration of tiles (1, 1′, 2, 3, . . . , j−1)
and from the hypothesis that the configuration is part of a complete f-tiling (except in the cases
indicated).
2. Dihedral spherical f-tilings by scalene triangles and isosceles trapezoids
Any element ofΩ (Q , T ) has at least two cells such that they are in adjacent positions and in one
of the situations illustrated in Fig. 3. In this paper the cases of adjacency I and II will be analyzed. Only
a part of case III is studied since its analysis is considerably more difficult.
2.1. Case of adjacency I
Proposition 1. If Ω(Q , T ) 6= ∅ then there cannot be a pair of tiles in the position of Fig. 3-I.
Proof. Suppose that Q and T are in adjacent positions as illustrated in Fig. 3-I. With the labelling used
in Fig. 4, we have
θ1 = β or θ1 = γ .
1. Suppose firstly that θ1 = β (therefore α1+β ≤ pi ). As α1 > α2 > β > γ > δ, we have necessarily
α1 + β = pi . With the labelling used in Fig. 4(b), we have θ2 = δ (θ2 6= γ since α1 + γ < pi and
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Fig. 5. Local configurations.
Fig. 6. Local configurations.
α1 + γ + ρ > β + γ + δ > pi , ∀ρ ∈ {α1, α2, β, γ , δ}) and
θ3 = α1 or θ3 = α2.
1.1. If θ3 = α1, then, taking into account the edge lengths, we get the local configuration given in
Fig. 5(a). Note that, at vertex v1, as β < pi2 and β + γ + δ > pi , we get γ + δ > pi2 , and so
3γ +ρ > 2(γ + δ) > pi , ∀ρ ∈ {α1, α2, β, γ , δ}. Taking into account the relation between angles, the
alternating angle sum 2γ +δ = pi at vertex v1 leads to a contradiction. Therefore γ = pi3 . At vertex v2
we have α1 + kδ = pi , for some k ≥ 2. If θ4 = α2 or θ4 = β , then, at vertex v2, we obtain necessarily
θ4 + kδ = pi , and so θ4 = α1, which is a contradiction. On the other hand, it follows straightway that
θ5 6= α2 and θ5 6= β . Taking into account the edge lengths, θ5 cannot also be γ . Thus, θ4 = θ5 = α1
and we get the local configuration given in Fig. 5(b). Now, we have θ6 = β or θ6 = γ .
1.1.1. Suppose firstly that θ6 = β (Fig. 6(a)). Note that θ7 6= β and θ7 6= γ since α2+γ < α2+β < pi
and α2 + β + ρ > α2 + γ + ρ > β + γ + δ > pi , ∀ρ ∈ {α1, α2, β, γ , δ}. Taking into account the
edge lengths, θ7 cannot also be δ. Therefore θ7 = α2 and consequently α2 = pi2 . Nevertheless there is
no way to satisfy the angle-folding relation around vertex v3.
1.1.2. Suppose now that θ6 = γ (Fig. 6(b)). In this case, taking into account the relation between angles
and the edge lengths, we reach a contradiction at vertex v4.
1.2. If θ3 = α2 (Fig. 4(b)), then we obtain the configuration given in Fig. 7. As α1 + γ < pi and
α1+ γ + ρ > pi , ∀ρ ∈ {α1, α2, β, γ , δ}, we conclude that θ4 = β or θ4 = δ. However, the analysis of
the length sides excludes the case θ4 = β . On the other hand, if θ4 = δ, then α1 + kδ = pi , for some
k ≥ 2. As α2 > β > γ > δ and β + γ + δ > pi , the alternating angle sum containing α2 must be
α2 + kδ = pi . And so α1 = α2, which is a contradiction.
2. Now we consider θ1 = γ (Fig. 4(a)). In this case we have necessarily
α1 + γ = pi or α1 + γ < pi.
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Fig. 7. Local configuration.
Fig. 8. Local configurations.
Fig. 9. Local configurations.
2.1. Suppose firstly that α1 + γ = pi . The angle θ2 (Fig. 8(a)) must be γ or δ.
2.1.1. If θ2 = γ , then the initial local configuration is extended to get the one given in Fig. 8(b). At
vertices v1 and v2 we have α1 + γ = pi = δ + β and so β > α1 > α2 > γ > δ. The configuration
is then expanded to obtain the one given in Fig. 9(a). At vertex v3 we must have β + δ = pi , and
so, taking into account the edge lengths, there is no way to satisfy the angle-folding relation around
vertex v3.
2.1.2. If θ2 = δ, then the initial local configuration is extended to get the one given in Fig. 9(b). The
vertex v4 must have valency four since β + γ + ρ ≥ β + γ + δ > pi , ∀ρ ∈ {α1, α2, β, γ , δ}. As
β + γ = pi = α1 + γ , we obtain α1 = β > α2 > γ > δ. With the labelling used in Fig. 9(b), we have
θ3 = γ or θ3 = δ.
2.1.2.1. If θ3 = γ (see Fig. 10(a)), then θ4 must be β or δ. In either case we obtain a contradiction
at vertex v3, since there is no way to satisfy the angle-folding relation around this vertex (see edge
lengths).
2.1.2.2. If θ3 = δ (Fig. 9(b)), then we obtain the local configuration given in Fig. 10(b). As β+ δ < pi , at
vertex v3 we have β + kδ = pi , for some k ≥ 2, and so around this vertex an incompatibility between
sides cannot be avoided.
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Fig. 10. Local configurations.
Fig. 11. Local configurations.
2.2. Suppose now that α1 + γ < pi (Fig. 4(a)). Then α1 + γ + ρ ≤ pi , for some ρ ∈ {α1, α2, β, γ , δ}.
As α1 + γ + δ ≤ pi and β + γ + δ > pi , we conclude that β > α1 > α2 > γ > δ. Consequently, at
vertex v1 (Fig. 11(a)) we obtain β+kδ = pi , for some k ≥ 2, and, taking into account the edge lengths,
we also have α1 + γ + (k− 1)δ = pi (note that θ2 could only be γ or δ; the case θ2 = γ is ruled out
by the edge lengths).
The last local configuration is extended in a unique way to get the configuration given in Fig. 11(b).
Note that at vertex v2 we must have β + γ = pi (see edge lengths). Nevertheless, we have no way to
avoid an incompatibility between sides at vertex v3. 
2.2. Case of adjacency II
Proposition 2. If Ω(Q , T ) 6= ∅ then there cannot be a pair of tiles in the position of Fig. 3-II.
Proof. Suppose that Q and T are in adjacent positions as illustrated in Fig. 3-II. With the labelling of
Fig. 12(a), one has θ1 ∈ {β, γ } and θ2 ∈ {β, δ}.
Suppose firstly that θ1 = β . Then necessarily α1 + β = pi . It follows that α1 > α2 > β > γ > δ,
and we have no way to define the alternating angle sum containing γ at vertex v1. And so θ1 = γ .
Similarly we conclude that θ2 = δ and the initial configuration is extended to the one given in
Fig. 12(b). In addition we obtain β = pi2 .
Now, as α1 > β , we get α1+γ = pi (at vertex v1). Moreover, the alternating angle sum containing
α1 at vertex v2 must be α1 + kδ = pi , for some k ≥ 2, see Fig. 13(a).
Taking into account the edge lengths (c < b), we conclude that tile 6 is a trapezoid, and so tile 5
is completely determined, as indicated in Fig. 13(b). Furthermore, α1 > β = pi2 ≥ α2 > γ > δ = γk ,
k ≥ 2.
With the labelling used in Fig. 13(b), one has θ3 = α1 or θ3 = α2.
If θ3 = α1, then we obtain b = c , which is a contradiction. It follows that θ3 = α2 and we obtain
the configuration given in Fig. 14(a).
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Fig. 12. Local configurations.
Fig. 13. Local configurations.
Fig. 14. Local configurations.
It is a straightforward exercise to show that θ4 6= α2 and θ4 6= β (see length sides). On the other
hand, the case θ4 = γ leads to α1 + kδ = pi = γ + kδ (k ≥ 2), which is an incompatibility.
Therefore θ4 = α1 or θ4 = δ.
1. Suppose that θ4 = α1. Then, the last local configuration is extended to the one given in Fig. 14(b).
Note that θ5 = α2, otherwise we get, at vertex v3, α1 + γ = pi or α1 + kδ = pi ; in any case an
incompatibility between sides cannot be avoided.
Now, θ6 = α2, θ6 = γ or θ6 = δ. Asβ = pi2 andβ+γ+δ > pi , we have γ+δ > pi2 . If γ+γ+ρ = pi ,
with ρ = α2 or ρ = γ , then γ ≤ pi3 and δ = γk ≤ pi6 , which is a contradiction. Therefore, θ6 = δ and
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Fig. 15. Local configurations.
Fig. 16. Local configurations.
γ + γ + δ = pi . Nevertheless, we reach a contradiction at vertex v4 (Fig. 15(a)), as α1 + kδ = pi and
so once again an incompatibility between sides at this vertex cannot be avoided.
2. Suppose now that θ4 = δ (Fig. 14(a)). Then, we get the configuration given in Fig. 15(b).We consider
separately the cases θ5 = β and θ5 = γ .
2.1. If θ5 = β , then β + α2 = pi , and so α2 = β = pi2 . The last local configuration is then extended to
get the one given in Fig. 16(a).
Taking into account the edge lengths, we must have θ6 = γ , which is a contradiction, since
γ + γ + γ = pi implies γ + δ ≤ pi2 (recall that β = pi2 , β + γ + δ > pi and γ = kδ).
2.2. Finally, if θ5 = γ , the last local configuration is extended in a unique way to get the one given in
Fig. 16(b). Nevertheless, we have no way to avoid an incompatibility between sides at vertex v5. 
2.3. Case of adjacency III
Suppose now that any element ofΩ (Q , T ) has at least two cells congruent, respectively, to Q and
T , such that they are in adjacent positions as illustrated in Fig. 3-III. With the labelling of Fig. 17, we
have necessarily x = β or x = δ.
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Fig. 17. Local configuration.
Fig. 18. Results scheme of the case of adjacency III .
Fig. 19. Local configurations.
In Fig. 18 we present, in diagram, a summary of the results of this section. As we have mentioned
before, only a part of this case of adjacency will be studied in this paper.
We begin with the following proposition considering the case x = β .
Proposition 3. If there are two cells congruent to Q and T , respectively, such that they are in adjacent
positions as illustrated in Fig. 17, with x = β , thenΩ(Q , T ) = ∅.
Proof. If x = β (Fig. 17), we have necessarily α1 + β = pi (note that α1 + β + ρ ≥ α1 + β + δ >
γ + β + δ > pi , ∀ρ ∈ {α1, α2, β, γ , δ}). Consequently, α1 > α2 > β > γ > δ.
The angle θ1 (Fig. 19(a)) cannot be β , by the edge lengths; it cannot also be γ , as α1 + γ < pi
and α1 + γ + ρ > pi , ∀ρ ∈ {α1, α2, β, γ , δ}. Therefore θ1 = δ and α1 + kδ = pi , for some k ≥ 2
(Fig. 19(b)). Taking into account the edge lengths and the angle measure, we also have, at vertex v1,
γ+(k−1)δ+θ2, for some θ2 ∈ {α1, α2, β, γ , δ}. Obviously θ2 6= α1, θ2 6= α2 and θ2 6= β (β+γ+δ > pi
and α1 > α2 > β); taking into account the edge lengths, θ2 6= γ ; finally, θ2 = δ implies α1 = γ ,
which is a contradiction. 
Suppose thatQ and T are in adjacent positions as illustrated in Fig. 17 and also that x = δ. It follows
that α1 + δ ≤ pi . We shall consider separately the cases α1 + δ < pi and α1 + δ = pi .
Proposition 4. With the above terminology, if α1+δ < pi , then, for each k ≥ 2, there is a unique dihedral
f-tiling denoted byRk, such that α1 = β = (3k−1)pi4k−1 , α2 = 2kpi4k−1 , γ = kpi4k−1pi and δ = pi4k−1 . Besides, the
angles around vertices are positioned as illustrated in Fig. 20.
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Fig. 20. Distinct classes of congruent vertices.
Fig. 21. Local configurations.
Fig. 22. Local configurations.
A planar representation for k = 2 is given in Fig. 26. 3D representations for k = 2 and k = 3 are given
in Fig. 28.
Proof. Let Q and T be adjacent tiles as illustrated in Fig. 17 and suppose that x = δ, with α1+ δ < pi .
With the labelling used in Fig. 21(a), we have
θ2 = γ or θ2 = δ.
If θ2 = γ , then β > α1 > α2 > γ > δ, and so β + kδ = pi , for some k ≥ 2. Consequently around
vertex v1 an incompatibility between sides cannot be avoided.
Thus θ2 = δ and α1 + kδ = pi , for some k ≥ 2. We also have α1 ≥ β > γ > δ and α1 > α2 > δ.
If θ3 = δ, then we get the local configuration given in Fig. 21(b). The vertex v2 has valency four
since β + γ + ρ ≥ β + γ + δ > pi , ∀ρ ∈ {α1, α2, β, γ , δ}. Nevertheless, β + γ = pi > δ + ρ,
∀ρ ∈ {α1, α2, β, γ , δ}. Therefore θ3 = γ , and we get the configuration given in Fig. 22(a).
At vertex v3 we must have α1 + γ = pi , and so α2 > γ . It follows that the alternating angle
sum containing β at vertex v1 must be β + kδ = pi . Thus α1 = β > α2 > γ > δ. The last local
configuration is then extended to get the one given in Fig. 22(b).
Now, we have θ4 = γ or θ4 = δ.
If θ4 = γ , then θ5 = δ (see length sides) and we obtain the local configuration given in Fig. 23(a).
At vertex v4 we have β + γ = pi . Nevertheless, there is no way to satisfy the angle-folding relation
around this vertex. Thus θ4 = δ, and consequently θ5 = γ or θ5 = β .
If θ5 = γ , then, at vertex v4, we have β + kδ = pi , k ≥ 2, as illustrated in Fig. 23(b). Taking into
account the edge lengths, θ6 must be α1 or β , which is a contradiction.
Therefore θ5 = β (see Fig. 24(a)), and θ6 = γ . It follows that β + kδ = pi = α2+ γ + (k− 1)δ, for
some k ≥ 2. As θ7 = α1 implies θ8 = α1 (which is a contradiction), we get θ7 = β and the previous
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Fig. 23. Local configurations.
Fig. 24. Local configurations.
Fig. 25. Local configuration.
configuration extends to the one given in Fig. 24(b). Finally, we consider separately the cases θ9 = β
and θ9 = α1.
If θ9 = β , then we obtain the configuration given in Fig. 25. Obviously θ10 cannot be α1 nor β . If
θ10 = γ , then θ11 = β , and so we reach a contradiction at vertex v.
In the case θ9 = α1, a global planar representation is achieved as illustrated in Fig. 26 (we have
considered k = 2).
One gets four distinct types of vertices and the sums of alternated angles around them are,
respectively,
α1 + kδ = pi = β + kδ, β + γ = pi = β + γ , α1 + γ = pi = β + γ and
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Fig. 26. Planar representation ofRk (k = 2).
Fig. 27. Q = T ′ ∪ T ′′ .
β + kδ = α2 + γ + (k− 1)δ,
for some k ≥ 2. Consequently,
α1 = β = pi − kδ, γ = kδ and α2 = pi − (2k− 1)δ.
In order to determine δ, we proceed as follows: in Fig. 27 the spherical trapezoid is divided into
two triangles, Q = T ′ ∪ T ′′. Since T and T ′ have two sides in common and the angle formed by these
sides is equal (α1 = β), we conclude that T and T ′ are congruent. It follows that the vertices v2 and v5
(Fig. 26) are in antipodal positions, i.e., e + d = pi . Now, using spherical trigonometry formulas (for
triangles T and T ′′), we obtain
cosβ + cos γ cos δ
sin γ sin δ
= cosα2 + cos(α1 − γ ) cos(α2 − δ)
sin(α1 − γ ) sin(α2 − δ) H⇒
cos kδ (−1+ cos δ)
sin kδ sin δ




And so δ = pi4k−1 . We denote such family of f-tilings by Rk, k ≥ 2. The corresponding 3D
representations for k = 2 and k = 3 are given in Fig. 28. The f-tiling Rk is composed by 2 isosceles
trapezoids and 4(3k− 1) triangles. 
Suppose now that Q and T are in adjacent positions as illustrated in Fig. 17 and α1+ δ = pi . In this
case we have
y = α2 or y = γ .
It is easy to observe that y 6= δ. In fact, if x = y = δ (Fig. 17), we get the local configuration given in
Fig. 29. As α1 = β > γ > δ and α1 + δ = pi , we reach a contradiction at vertex v.
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Fig. 28. f-tilingsRk , cases k = 2 and k = 3.
Fig. 29. Local configuration.
Fig. 30. Local configuration.
Only the case y = α2 will be studied in this paper.
Proposition 5. Suppose that τ ∈ Ω (Q , T ) has two cells in adjacent positions as illustrated in Fig. 17 and
also that α1 + x = pi = β + y, with (x, y) = (δ, α2). Then, τ has twelve cells in adjacent positions as
illustrated in Fig. 30. Moreover, the vertices vN and vS are in antipodal positions and the angles of Q and
T satisfy the following relations:
cos γ + cosβ cos δ
sinβ sin δ
= cosα1 + cos(α1 − β) cos(α2 − δ)
sin(α1 − β) sin(α2 − δ) (1)
cos δ + cosβ cos γ
sinβ sin γ
= cos(α1 − β)+ cosα1 cos(α2 − δ)
sinα1 sin(α2 − δ) . (2)
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Fig. 31. Local configuration.
Fig. 32. Local configuration.
Proof. With the assumptions of the proposition and the labelling used in Fig. 31, the angle θ cannot
be α2 since α2 + γ < α2 + β = pi ; it cannot also be δ as γ + δ < β + α2 = pi . Therefore θ = β ,
and so α1 > β > α2 = γ > δ. The first part of the result follows now immediately since this local
configuration is extended in a unique way to get the one given above (Fig. 30).
With the labelling used in Fig. 32,we conclude that the triangles T and T ′ have two sides in common
and the angle formed by these sides is equal (α2 = γ ). Consequently T and T ′ are congruent, and so
vN and vS are in antipodal positions (i.e., d+ e = pi ).
We obtain relations (1) and (2) using spherical trigonometry formulas to determine the cosine of
the sides e and f (Fig. 2), respectively, within T and T ′′. 
Our purpose is to get all spherical f-tilings containing the configuration given in Fig. 30. This will
be done studying the arrangement of angles around vertices vN and vS .
We begin by considering the case when the valency of the vertex vN is, at most, eight. Later on, we
generalize this classification for any valency.
Lemma 6. Suppose that any f-tiling with prototiles Q and T has twelve cells in adjacent positions













, where B3r and B
4
s , with 1 ≤ r ≤ 2 and 1 ≤ s ≤ 4, are non-isomorphic
dihedral f-tilings. The angles around vertices are positioned as illustrated in Fig. 33.
Proof. Suppose that τ ∈ Ω (Q , T ) has twelve cells in adjacent positions as illustrated in Fig. 34. With
the labelling used in this figure, one has θ = α2 or θ = γ , and so
θ1 = α2 or θ1 = δ.
1. Consider firstly that vN has valency six. We begin by considering the case θ1 = α2.
1.1. If θ1 = α2, then the last configuration is extended to get the one given in Fig. 34(b). Note that
inserting one angle α2 at vertex vN , we have obtained one angle γ at vertex vS (with clockwise
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Fig. 33. Distinct classes of congruent vertices.
Fig. 34. Local configurations.
orientation). Now, we have θ2 = α2 or θ2 = γ . If θ2 = α2, then θ3 = α1 and we have no way to
avoid an incompatibility at vertex v. Therefore θ2 = γ and we obtain the planar representation given
in Fig. 35(a). Note that the sequence α2γ at vN leads to γ α2 at vS (with opposite orientations).
Now, as γ = α2 = pi3 and β = 2pi3 , and using relation (1), we get δ ≈ 36.2◦ and α1 = pi − δ ≈
143.8◦. We shall denote this f-tiling byB31 . A 3D representation ofB
3
1 is given in Fig. 35(b).
1.2. If θ1 = δ, then the initial local configuration is extended in a unique way to the one given in
Fig. 36(a). Note that after the initial angle δ added to vN , we must have another angle δ and the
sequence δ δ at vN leads to δ δ at vS . Now, one has γ = α2 = pi−δ2 , α1 = pi − δ and β = pi+δ2 .
By relation (1), we get δ = 4 arctan 1
2
√
2+√7 ≈ 41.4◦ and α1 = pi − δ ≈ 138.6◦. We shall denote this
f-tiling byB32 . A 3D representation ofB
3
2 is given in Fig. 36(b).
2. Suppose now that vN has valency eight. With similar argumentation to the one used in cases 1.1
and 1.2, we obtain the configurations given in Fig. 37(a) and (b), respectively.
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(a) Planar representation ofB31 . (b) 3D representation ofB
3
1 .
Fig. 35. f-tilingB31 .
(a) Planar representation ofB32 . (b) 3D representation ofB
3
2 .
Fig. 36. f-tilingB32 .
2.1. If θ1 = α2 (Fig. 37(a)), it follows that
θ4 = α2 or θ4 = δ.
2.1.1. If θ4 = α2, then, as before, the remaining angle is γ and the last configuration is extended in a
unique way to get the planar representation given in Fig. 38(a). Note that the sequence α2γα2γ at vN
leads to the sequence γ α2γ α2 at vS (with opposite orientations).
Now,wehaveγ = α2 = pi4 andβ = 3pi4 . By relation (1),we get δ ≈ 27.5◦ andα1 = pi−δ ≈ 152.5◦.
We shall denote this f-tiling byB41 . A 3D representation ofB
4
1 is given in Fig. 38(b).
2.1.2. If θ4 = δ, then the initial local configuration is extended in a unique way to the configuration
given in Fig. 39(a). Note that we must have to add another angle δ after the angle θ4 = δ and the
sequence α2γ δ δ at vN leads to γ α2 δ δ at vS . One has γ = α2 = pi−δ3 , α1 = pi − δ and β = 2pi+δ3 .
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Fig. 37. Local configurations.
(a) Planar representation ofB41 . (b) 3D representation ofB
4
1 .
Fig. 38. f-tilingB41 .
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(a) Planar representation ofB42 . (b) 3D representation ofB
4
2 .
Fig. 39. f-tilingB42 .
Using (1), we obtain δ ≈ 30.4◦ and α1 = pi − δ ≈ 149.6◦. This f-tiling is denoted by B42 . Its 3D
representation is given in Fig. 39(b).
2.2. If θ1 = δ (Fig. 37(b)), it follows that
θ5 = α2, θ5 = δ or θ5 = γ .
2.2.1. If θ5 = α2, then vN is surrounded by the cyclic sequence (α2, γ , α2, γ , δ, δ, α2, γ ) andwe obtain
a complete planar representation that corresponds to the previous f-tiling,B42 .
2.2.2. If θ5 = δ, then we get the planar representation given in Fig. 40(a). Now, as γ = α2 = pi2 − δ,
α1 = pi − δ and β = pi2 + δ, and using relation (1), we get δ ≈ 34◦ and α1 = pi − δ ≈ 146◦. We shall
denote this f-tiling byB43 . Its 3D representation is given in Fig. 40(b).
2.2.3. If θ5 = γ , then necessarily θ6 = α2 (the case θ6 = γ leads to a contradiction, as we can see in
Fig. 41, where there is no way to avoid an incompatibility at vertex v). The initial local configuration
is then extended in a unique way to the planar representation given in Fig. 42(a).
Similarly to the previous case, we obtain δ ≈ 30.4◦ and α1 = pi − δ ≈ 149.6◦. Let us denote this
f-tiling byB44 . A 3D representation ofB
4
4 is given in Fig. 42(b). 
As observed in the previous lemma, once the entries of odd order at the vertex vN are fixed, the
even entries are fully determined (after one α2, γ and δ, we obtain one γ , α2 and δ, respectively).
Moreover, the sequence of angles around vertex vS is completely determined by the angles around
vertex vN . For valency eight, we have obtained the following sequences at vN and vS (with opposite
orientations); see Table 1.
Note that, up to cyclic order, the second and third groups of sequences are the same and lead to
the same f-tiling.
For valency six or eight the vertices vN and vS are of the same type. In this case, we say that vN and
vS are congruent and we write vN ∼ vS . Nevertheless, if the valency is greater than eight, there are
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(a) Planar representation ofB43 . (b) 3D representation ofB
4
3 .
Fig. 40. f-tilingB43 .
Fig. 41. Local configuration.
Table 1
Sequences at vN and vS for valency eight.
vN : α2γα2γα2γα2γ vS : γα2γα2γα2γα2 B14
vN : α2γα2γα2γ δδ vS : γα2γα2γα2δδ B24
vN : α2γα2γ δδα2γ vS : γα2γα2δδγ α2 B24
vN : α2γα2γ δδδδ vS : γα2γα2δδδδ B34
vN : α2γα2γ δδγ α2 vS : γα2γα2α2γ δδ B44
cases for which vN and vS are not congruent, i.e., vN  vS , as we can observe, for instance, in the case
of valency ten, presented in Table 2.
The kind of reasoning applied to valency six and eight can now be generalized if the valency of vN
and vS is greater than eight. In fact, the local configuration given in Fig. 30 can be extended from the
vertex vN in a counterclockwise direction according to the rules stated in Fig. 43; for instance, the fifth
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(a) Planar representation ofB44 . (b) 3D representation ofB
4
4 .
Fig. 42. f-tilingB44 .
Table 2
Sequences at vN and vS for valency ten.
vN : α2γα2γα2γα2γα2γ vS : γα2γα2γα2γα2γα2 B15 vN ∼ vS
vN : α2γα2γα2γα2γ δδ vS : γα2γα2γα2γα2δδ B25 vN ∼ vS
vN : α2γα2γα2γ δδα2γ vS : γα2γα2γα2δδγ α2 B25 vN ∼ vS
vN : α2γα2γα2γ δδδδ vS : γα2γα2γα2δδδδ B35 vN ∼ vS
vN : α2γα2γα2γ δδγ α2 vS : γα2γα2γα2α2γ δδ B45 vN ∼ vS
vN : α2γα2γ δδα2γα2γ vS : γα2γα2δδγ α2γα2 B25 vN ∼ vS
vN : α2γα2γ δδα2γ δδ vS : γα2γα2δδγ α2δδ B55 vN ∼ vS
vN : α2γα2γ δδδδα2γ vS : γα2γα2δδδδγ α2 B35 vN ∼ vS
vN : α2γα2γ δδδδδδ vS : γα2γα2δδδδδδ B65 vN ∼ vS
vN : α2γα2γ δδδδγ α2 vS : γα2γα2δδα2γ δδ B75 vN  vS
vN : α2γα2γ δδγ α2α2γ vS : γα2γα2α2γ δδγ α2 B45 vN ∼ vS
vN : α2γα2γ δδγ α2δδ vS : γα2γα2α2γ δδδδ B75 vN  vS
vN : α2γα2γ δδγ α2γα2 vS : γα2γα2α2γα2γ δδ B85 vN ∼ vS
Fig. 43. Rules for vN .
case means that after an angle γ between the sides indicated it comes necessarily an angle α2 or an
angle δ.
The sequence of angles around the vertex vS is completely determined by the angles around
the vertex vN . In addition to the sequences for valency six and eight, we consider, for instance, the
following example. The sequence, at the vertex vN ,
α2γα2γ δδδδδδγ α2γα2γα2δδδδγ α2α2γ
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leads, at vertex vS and in clockwise direction, to the sequence
γα2γα2δδδδα2γα2γα2γ δδδδα2γ δδγ α2.
The following proposition completes the case when α1 + x = pi = β + y, with (x, y) = (δ, α2)
(Fig. 17). These conditions lead to a class of f-tilings Bkj , where k ≥ 3 and 1 ≤ j ≤ φ(k); φ(k) is the
number of distinct f-tilings for each k, and 2k is the valency of the vertices vN and vS . We obtain the
value of φ(k) through a MATLAB program that applies the rules accepted for the vertices vN and vS .
One major open question is to obtain a general analytic formula for φ(k).
Proposition 7. Suppose that τ ∈ Ω(Q , T ) has twelve cells in adjacent positions as illustrated in Fig. 30.
Then, any cyclic sequence of angles around vertex vN obtained from the rules stated in Fig. 43 corresponds
to a f-tiling τ ∈ Ω(Q , T ). However this correspondence is not injective.
The number φ(k) of distinct f-tilings obtained in Proposition 7 is determined by the MATLAB
program given in the Appendix of the paper.
According to the presented rules, it can be directly seen that for k = 3, 4, 5, 6, we get φ(k) =
2, 4, 8, 17 configurations (f-tilings). The presented MATLAB program is useful to obtain φ(k), when k
is greater than 6. For instance, for k = 7 and k = 8, we get 37 and 85 distinct f-tilings, respectively.
As we mentioned before, we do not present a general analytic formula for φ(k). Nevertheless, we
indicate an upper bound for φ(k), the number of vertices vN possible to build from the adjacency rules
(Fig. 43). For each k ≥ 3, we denote this number by uk. It is a straightforward exercise to show that
uk+1 = 2uk + vk, vk+1 = uk + vk, u3 = 2, v3 = 1, k ≥ 3.
(vk)k≥3 is an auxiliary sequence to obtain (uk)k≥3. It is interesting to observe that (uk)k≥3 and (vk)k≥3
are the terms of odd and even orders of the Fibonacci sequence, respectively.
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Appendix. MATLAB program






1 ≤ j ≤ φ(k)
, i.e.,
% determines the value of φ(k)
function FTilings(k)
% k must be an integer greater or equal to 3
k = int8(k);
if (~isinteger(k) | k < 3) fprintf(’k must be an integer greater or equal
to 3!\n’)
else
% Calculate the dimension of the matrix M containing the odd components of
all possible
% sequences for the vertex v_N
n = [1; 0];
for (i = 1:k-2) n1 = n(1,i) + n(2,i); n2 = n(1,i) + 2*n(2,i); n = [n,[n1;n2]];
end
n = fliplr(n);
% Initialization of matrix M and construction of all possible sequences
for the vertex v_N
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M = zeros(n(1,1)+n(2,1),k); M = char(M);
M(:,1:2) = ’a’; M(1:n(1,1),3) = ’a’; M(n(1,1)+1:size(M,1),3) = ’d’;
for (j = 4:size(M,2)) i = 1;
while (i < size(M,1))
if (M(i,j-1) == ’a’)
M(i:i+n(1,j-2)-1,j) = ’a’; i = i+n(1,j-2); M(i:i+n(2,j-2)-1,j) = ’d’;
i = i+n(2,j-2); end
if (M(i,j-1) == ’g’ | M(i,j-1) == ’d’) M(i:i+n(1,j-2)-1,j) = ’a’;
i = i+n(1,j-2);
M(i:i+n(2,j-2)-1,j) = ’g’; i = i+n(2,j-2); M(i:i+n(2,j-2)-1,j) = ’d’;
i = i+n(2,j-2); end
end; end
M = M’;
% Eliminate repetitions as consequence of cyclic order
j = 1;
while (j <= size(M,2))
v = M(:,j); Aux = M; Aux(:,j) = [];
for (i = 0:size(M,1)-1) vs = circshift(v,i); flag = testv(Aux,vs);
if (flag) M(:,j) = []; i = size(M,1); end; end
if (~flag) j = j+1; end; end
% The columns of the matrix M_PS contain the odd components of the
correspondent sequences
% for the vertex v_S
M_PS = zeros(size(M,1),size(M,2)); M_PS = char(M_PS);
for (j = 1:size(M,2)) M_PS(:,j) = South_vertex(M(:,j)); end
M_PS = flipdim(M_PS,1); M_PS = circshift(M_PS,2);
Maux_PS = M_PS; M_PS(find(M_PS==’g’)) = ’a’; M_PS(find(Maux_PS==’a’)) = ’g’;
% Verify if each sequence is equal to the correspondent sequence on the north
vertex v_N
for j = 1:size(M,2)
for i = 1:size(M,1)
vs = circshift(M_PS(:,j),i); flag = (vs == M(:,j));
if (flag) M_PS(:,j) = M(:,j); end; end; end
n = [];
for (i = 1:size(M,2)) if (~isequal(M(:,i),M_PS(:,i))) n =[n;i]; end; end
m = size(M,2)-size(n,1)/2;
fprintf(’\nValency: %d (k = %d)\n’,2*k,k); fprintf(’Number of f-tilings:
%d\n\n’,m)
end
% Construction of the sequences for the vertex v_S
function v = South_vertex(u)
v = zeros(size(u,1),size(u,2)); v = char(v); v(1:2) = ’g’;
i_u = 3; i_v = 3; flag1 = false; flag2 = false; flag3 = false;
while (i_u <= size(u,1) & ~flag3)
if (~flag1) j = 1;
if (u(i_u)==’a’) v(i_v) = ’g’; i_u = i_u + 1; i_v = i_v + 1;
else
while (i_u+j <= size(u,1) & u(i_u+j)==’d’) if (u(i_u+j)==’d’) j = j+1;
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end; end
if (i_u+j <= size(u,1))
if (u(i_u+j)==’a’) v(i_v:i_v+j-1) = ’d’; i_u = i_u + j; i_v = i_v + j;
else v(i_v:i_v+j-2) = ’d’; i_u = i_u + j; i_v = i_v + j - 1; flag1 = true;
flag2 = true; end




while (u(i_u+j)~=’d’ | u(i_u+j)~=’a’)
v(i_v+j-1) = ’a’; i_u = i_u+1; i_v = i_v+1; if (i_u+j > size(u,1)) break;
end; end
if (i_u+j <= size(u,1))
if (u(i_u+j)==’a’) v(i_v+j-1) = ’d’; flag1 = false; flag2 = false;
else
while (u(i_u+j)==’d’) v(i_v+j-1) = ’d’; i_u = i_u+1; i_v = i_v+1; end
if (u(i_u+j)==’a’) v(i_v+j-1:i_v+j) = ’d’; flag1 = false;
flag2 = false; i_u = i_u+1;
i_v = i_v+2;
else v(i_v+j-1) = ’a’; flag2 = false; i_u = i_u+1; i_v = i_v+1; end;
end; end
else
if (u(i_u)==’a’) v(i_v) = ’d’; i_v = i_v + 1; v(i_v) = ’g’; i_u = i_u+1;
i_v = i_v+1;
flag1 = false; flag2 = false;
elseif (u(i_u) == ’d’) j = 1;
while (i_u+j <= size(u,1) & u(i_u+j)==’d’) if (u(i_u+j)==’d’) j = j+1;
end; end
if (i_u+j <= size(u,1))
if (u(i_u+j)==’a’) v(i_v:i_v+j) = ’d’; i_u = i_u + j;
i_v = i_v + j + 1; flag1 = false; flag2 = false;
else v(i_v:i_v+j-1) = ’d’; i_u = i_u + j; i_v = i_v + j; end
else i_u = i_u + j; flag3 = true; end
else v(i_v) = ’a’; i_u = i_u+1; i_v = i_v+1; end; end; end; end
if (i_u ~= i_v) v(i_v:i_u-1) = ’d’; end
% Tests if the sequence v is contained in M
function flag = testv(M,v)
flag = false;
for j = 1:size(M,2) if isequal(M(:,j),v) flag = true; return; end; end
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